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If S, T, and U are posets, let U-P (S, T)* mean that for any coloring x: U -+ 
{red, blue}, either there exists a red copy of S or a blue copy of Tin U. We prove 
that if 5’ and T are tinitary trees, then S x T+ (S, T),. 0 1991 Academic press. IK. 
0. INTRODUCTION 
In the past few decades, there has been a growing interest in Ramseyian 
theory on posets. The seminal paper is probably Erdiis and Rado [4], 
although the interest there is primarily in linear orders. More recently, 
there have been a number of Ramseyian investigations into nonlinear 
posets, inspired by the such developments as the trees of Halpern and 
Lauchli [S] and Deuber [3] and others, and the categories of Nesetril and 
Rod1 [9, lo]. 
Our interest is in coloring the nodes of a poset, and finding 
monochromatic subposets, somewhat in the line of [lo], which dealt with 
the general problem as follows. Some notation: if S, T are posets, then an 
embedding x: T--t S is a 1 - 1 function such that for all t, t’ E T, t < t’ iff 
rt( t) < n(t’); we say that rc( T) is a copy of T in S. Then the generalization 
of the Erdiis partition relation that we are interested in is as follows: if 
S, TI, . . . . T,, H are posets, then 
S+ (T,, . . . . Tr): 
means that if we color every copy of H in S one of the r colors 1: 2, . . . . r, 
there will be an i and thus a copy of Tj in S such that every copy of H in 
the copy of T, will be colored i. If T1, . . . . T, = T, we write S + (T):. 
Nesetril and Rod1 [lo] proved that if T, H, r are finite, then there exists 
a finite S such that S + (7): iff H is “weak” (H is weak if for all h, h’ E H, 
h <h’ iff rank(h)cra (The proof rests on the work of Nesetril and 
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Rod1 [9], which uses fairly heavy category theory. For a combinatorial 
version, see [ll].) Now, if H is the poset with a single point, then it is 
weak, and we write S+ (T,, . . . . T,), for H a single point. In [lo], it is 
shown that for any finite T, there exists an (enormous) finite S of rank 2 e 
rank(T) + 1 such that S-t (T),-obviously a sharp limit. Kierstead and 
Trotter [6] observed that if * is lexicographic product, then (P * Q) + 
(P, Q)P 
(The lexicographic product S * T is ordered by 
(4 t> < (s’, t’> iff s<s’ or s=s’ and t-c t’, 
while the Cartesian product S x T is ordered by 
($3 t) < (s’, t’) iff s<s’and t<t’.) 
In other words, given T, we want to find a small and nice S such that 
S + ( T)2. Lexicographic product gives us this; what of Cartesian product? 
We cannot improve on the minimal rank established by Nesetril and Riidl, 
but it would be nice to know if (TX T) --f (T),. This is harder. While 
(T * T) --f (T)* for all posets T, there are infinite posets, like Z and R-the 
orderings of the integers and reals resp.-such that (T x T) f, ( T)2. There 
are other infinite posets, like o and Q-the orderings of the natural num- 
bers and the rationals resp.-such that (T x T) + (T)*. 
In this paper, we prove that if T,, . . . . T, are finitary trees (i.e., all nodes 
of finite rank), then 
T, x ... x Tr + (T1, .a., T,),. 
In Section 2, we present a few results on how sharp the main theorem is. 
Before we launch into the main theorem, consider a somewhat weaker 
statement: if T,, . . . . T, are grounded trees (i.e., no infinite chains), then 
T,x ... x T,-+ (T,, . . . . T,),. The proof of the main theorem is an extension 
of a three page proof of this claim. Fred Galvin has since developed a one 
page proof of this claim, which, with his kind permission, we outline for 
two trees. Given a tree S and s E S, let S(s) = {s’ E S : s < s’ > (the minimal 
element of a well-founded poset is of rank 0). 
LEMMA 0.1. Let S and T be well-founded trees. Suppose that for every 
SE&’ of rank 1, S(s)x T-+ (S(s), T),; and suppose that for every t E T of 
rank 1, Sx T(t) -+ (S, T(t))2. Then Sx T+ (S, T),. 
By induction on S and T, from the leaves to the roots, we obtain: 
THEOREM 0.2. If S, T are grounded trees, then S x T + (S, T)* 
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The above theorem can easily be extended to all finite products of 
grounded trees. It would be nice to extend it to all products of linitary trees 
(note that Lemma 0.1 can be extended to arbitrary products of well-founded 
trees). In the main theorem, we will capture all finite products of finitary 
trees by using an induction starting from the roots. 
Several people helped me in the preparation of this paper. I particularly 
thank Fred Galvin and Yiannis Moschovakis for their feedback and ideas. 
1. THE MAIN THEOREM 
A tree T is a partial order with a single minimal element troot such that 
t rOOt < t for all t E T, and for all t E T, {t’ E T : t’ < t} is linearly ordered, 
with t,,,, as its minimal element. 
DEFINITION. A tree T is finitary if, for all t E T, {t’ E T : t’ < t ) is finite. 
Let rank(t) = card( { t’ E T : t’ < t } ). 
Note that a nonmaximal node of a linitary tree has one or more 
immediate successors (which we will call the succe.ssors of that node) and 
that a nonminimal node of a linitary tree has precisely one immediate 
predecessor (which we will call the predecessor of that node, and will 
denote the predecessor of the node t by pred(t)). 
Now, we will not only be producing monochromatic copies of trees T, 
we will be presenting “canonical” copies in the following sense. An embed- 
ding R: Q + P x Q x R is canonical if, for every q E Q, there exists p, r such 
that z(q) = (p, q, r). If rr: Q + P x Q x R is canonical, we say that n(Q) is a 
canonical copy of Q in P x Q x R. If every coloring of, say, P x Q x R into 
colors red, blue, yellow admits a red canonical copy of P, a blue canonical 
copy of Q, or a yellow canonical copy of R, then we write P x Q x 
R-F-+ (P, Q, Rh. 
THEOREM 1.1. Let T,, . . . . T, be finitary trees. Then 
T,xT,x ... XT,? (T,, T,, . . . . Tr),. 
In order to simplify matters, we will prove this theorem for r = 2. Fix two 
linitary trees, S and T, and for notation, let (s, t)l = s and (s, t)2 = t. Fix a 
coloring x: S x T + {red, blue}; we will prove that x admits either a red 
canonical copy of S or a blue canonical copy of T. 
Now let 
cp(s, t, X) E x(s, t) = blue and X(s, t) and 
(Vt’E T)[(pred(t’)= t)+(WES)(s’>s and X(s’, t’)], 
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and consider the following induction. Let cp <’ = S x T. For each x E S x T 
and each ordinal r, let cp <5 = firXe’pr (if t>O) and qpr(x)=q(x,cp’r). 
Now, it is easily verified that cp is monotonic (i.e., for all s, t, if XC Y, then 
cp(s, t, X) + cp(s, t, Y)), and it follows (see, e.g., [l]) that C < 5 * cp” 2 
cp <C =j cpC 2 cpr, and hence for some ordinal u, q<” = qK: denote cp* = qp”. 
We will loosely use cp” to denote both the unary relation and the set that 
it defines. From the monotonicity of cp, it follows that if X is a fixed point 
of cp in the sense that for all (s, t) E S x T, 
44% t, Xl ++ 0, t), 
then XE cpoo. (ProoJ If X is a fixed point of cp, and Xc S x T= q”, then by 
the monotonicity of cp, X= {(s, t) : cp(s, t, X)} c cpl, and by an induction on 
5, XG cpr for all t, it follows that XG q”.) Note that (pm c X-‘(blue). For 
notation, let Bl( t) = {s E S : ~(s, t) = blue >. 
At this point, we could note that if (s, t) is blue and t is maximal in T, 
then (poo(s, t) is true. 
We will need a lemma, but first we will need a definition. Fix to E T. 
Suppose that (so, to) EX-‘(blue) - cpm. For some successor t, of to, 
[s~Bl(t~)ands~so]~(s,t,)~cp~.Ifs,~Bl(tl)ands,~so,thenforsome 
successor t2 of t,, [SE Bl(tJ and sas,] * (s, t2) $ cp”. And so on. More 
formally, let 
Qo(s, t) = (x-‘(blue)n ((s, t)))- cp”, 
and for all m E o, let 
Q,, 1(s, t) = {(s”, t”) E S x T : I($“, t”) = blue and 
(3s’ <<s”)[(s’, pred(t”)) E Qm(.s, t) and 
(VS # 2s') 1 (pyS#, t”)]}. 
Let Qh t) = U,,, Q,(s, t). Note that if (s’, t’) E Q(s, t), then t’ is not 
maximal in T. Now, a chain to, . . . . t,- 1 of T is saturated if pred(t,) = t, _ 1 
for all m, 0 < m < 1. 
LEMMA 1.2. Suppose that ~(s, t) = blue and Q(s, t) # 4. There exists a 
(jlnite) chain (so, to), (sl, tl), . . . . (s,- 1, tl- 1) E Q(s, t) and u t,E T such that: 
0) (so, toI = (s, t). 
(ii) The chain to, t,, . . . . t, is saturated. 
(iii) For all sI 2 s/- 1, (s[, t,) 4 Q(s, t) u (pa. 
Proof of lemma. Suppose otherwise that for some (s, t) EX-‘(blue), 
Q(s, t) # 4, and for every (finite) saturated chain to, . . . . t, in T, if s = 
SOGS, G . . I < s,- 1 satisfies Q(s m, t,) for all rn-~ l, then there exists 
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s,BslP1 such that either Q(s,, t,) or (pa(sf, tl) is true. Note that for any 
x E Q(,s, t), there exists a chain (s, t) =x0 < . . . < xl = .X in Q(.s, t) such that 
(x0)2, . ..Y b,h is saturated in T. 
Since Q(s, t) # 4 and Q(s, t) n cpm = #, it suffices to prove that Q(s, t) G 
cpmo, and we obtain a contradiction. Now, Q(s, t) s (p”. We claim that for 
any 5, if Q(s, t)~ cp<‘, then Q(s, t) E cpr, from which it follows that 
Q(s, t) s cp”. Suppose that (s’, t’) E Q(s, t) g (p’<; for every successor t” 
of t’, there exists s” > s’ such that (s”, t”) E Q(s, t) u qP, hence 
q(s’, t’, Q(s, f) u q”) is true, and hence by monotonicity, cp(s’, t’, cpcr) z 
cp<(s’, t’) is true. The lemma follows. 
Given Q(.s, t) # 4, and a chain (so, to), . . . . (s/- r, t,- i), and a t, mandated 
by Lemma 1.2, it is easy to verify that for all s,>sr- ,, x(s,, tl) = red. We 
leave this to the reader. 
We now construct a red canonical copy of S or a blue canonical copy 
of T. Remember that t,,,t is the root of T. 
Case 1. For all s E S, (s, t,,,J $ cpou: we claim that x admits a red 
canonical copy of S: we will construct a canonical embedding 71: S + 
X-‘(red) by induction on S. Say that (s, t) is finished if, for every ~‘3 s, 
x(s’, t) = red. 
Let S[s] = {s’ E S : s’ <s} for each s. (Then S[s,,,J = 4.) Suppose that 
an increasing function n has been defined on S[s] so that for each 
s’<s, (i) x(rc(s’)) = red, (ii) (rr(s’)), =s’, and (iii) for every s” as’, 
l(pOO(s”, (~(s’))~). Note that (iii) is true for s’ if I is finished. Let 
s’ = pred(s) and t’ = (r~(s’))~. 
If ~(s, t’) = red, set E(S) = (s, t’), and continue (this will certainly happen 
if (s, 1’) is finished). Otherwise, as there is a successor t, of t’ such that for 
every s” as, l(pm(s”, t,), we next ask the color of (s, ti). If ~(s, tl) = red, 
set z(s) = (s, 1,). Otherwise, find a successor t2 of tl such that for every 
s” 3 s, i(pm(s”, t2). And so on. By Lemma 1.2, we will eventually encoun- 
ter tk such that ~(s, tk) = red, and we set n(s) = (s, tk). Note that if tk- i = 
pred(t,), then (s, tk _ i ) E Q(s, t’). 
Well, now that we have X(S), we need to verify that it satisfies (i), (ii), 
and (iii) of the above induction hypothesis for s’ <s, i.e., for s itself. As 
x(rc(s)) = red and (rz(s))i =s, (i) and ( ii are true. For (iii), there are two ) 
cases. If z(s) is finished, then the induction hypothesis is satisfied. 
Otherwise, as (s, tk ~ i) E Q(s, t’), s” 2 s + -I (pm(s”, tk), and (iii) is satisfied. 
Continue, perhaps for infinitely many steps, until all of z is constructed. 
Case 2. For some s E S, qm(s, troot) is true. The construction of a 
canonical copy of T within qO” s x- ‘(blue) is straightforward. 
This completes the proof. Note that if we have any trees with infinite 
branches, we are using the Axiom of Choice. 
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If one wanted to prove Theorem 1.1 for arbitrary finite r, one can use a 
sort of “frayed” homomorphic preimage of a product of trees as follows. 
Let nn=T1x ... XT,, and Un=T,,+l~ .eV XT,, so that n,zn,,x U,. 
A frayed preimage of n, in I-J, x U, is a poset P E n, x lJ, satisfying: 
(i) The map (p, U) --+ p is a homomorphism from P onto n,. 
(ii) If t,, . . . . t, are the roots of T,, . . . . T,, respectively, then there exists 
precisely one u E U, such that (t r, . . . . t,, U) E P. 
(iii) If (tl, . . . . t,, U) E P and ti,, ti2, . . . are the successors of tj in Ti, 
then there exist ul, u2, . . . > u in U, such that for each (appropriate) j, 
(1 19 . . .T ti-l, ~9 r+lY ...Y tn, uj)EP. t.. t. 
Then prove the following claim: Let P c n, x U, z n, _ 1 x T,, x U, be a 
frayed preimage of n,, and let x: P + (1, . . . . n} be a coloring. Either there 
is a canonical copy of T, in x-‘(n), or there is a frayed preimage of n,-, 
in (nI,x U,)nx-‘({I,..., n - 1 } ). Theorem 1.1 follows easily from this 
claim, whose proof is similar to the above proof of Theorem 1.1 for r = 2, 
using T, = T and the frayed preimage P rather than the tree S. 
2. A CODA ON SHARPNESS 
In Section 1, we proved that if S and T are linitary trees, then S x T-t 
(S, T)2. The purpose of this section is to establish the sharpness of this 
result. If t E T, let rank(t) be the ordinal type of T(t), and let rank(T) = 
sup(rank(t) : t E T). Theorem 1.1 says that if S and Tare of rank GO, then 
Sx T+ (S, T)2. 
THEOREM 2.1. There exists a tree T of rank o + 1 such that 
Tk f, (TL 
for all k Em. 
Proof: Let T be the complete binary tree of rank o + 1. Reordered 
lexicographically, T is isomorphic to the Cantor set (plus a countable set), 
and using this alternate order, Tk is isomorphic to some subset of k-dimen- 
sional Euclidean space [Wk. By an old result of Bernstein [2] (see [7, 
Sect. 40]), it is possible to color [Wk so that there will be no 
monochromatic perfect sets, and as the Cantor set is perfect, we are 
done. 1 
Another question is whether or not we are limited to finite products. One 
immediate consequence of [S, Theorem 2.51 is: 
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COROLLARY 2.2. Zf (T,: i E co) is a sequence of countable finitary trees, 
then 
(T,x T,x . ..)+(TO. T, ,... ),. 
Note that Corollary 2.2 says nothing about canonicity. 
We conclude by outlining a proof that in P x Q, we cannot have a red 
canonical copy of P and a blue canonical copy of Q. (Note that if we had 
defined canonicity for lexicographic products, this would be obvious.) 
DEFINITION. Let P and Q be posets. P and Q are reactive if, for any 
canonical copy P* of P and any canonical copy Q* of Q in P x Q, 
P*nQ*#4. 
Note that if rc: P -+ P x Q is a canonical embedding, then c: P + Q 
defined by n(p) = (p, a(p)) is a homomorphism-and vice versa. Remem- 
bering this, we can prove that: 
LEMMA 2.3. Let P and Q be posets. P and Q are reactive iff every com- 
position (r 0 z of homomorphisms Q: P + Q, z: Q + P has a fixed point. 
Now let P be a poset. A critical point is a p,, E P such that for all p E P, 
p <p,, or p apO. The following can be proven by contradiction. 
LEMMA 2.4. Let P and Q be posets with at least one critical point each 
and no infinite chains. Then P and Q are reactive. 
THEOREM 2.5. Zf S and T are grounded trees, then any coloring 
x: S x T + {red, blue) admits either a red canonical copy of S or a blue 
canonical copy of T, but not both. 
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